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Abstract: In this paper, we review Shirshov's method for free Lie algebras invented by 
him in 1962 [T7j which is now called the Grobner-Shirshov bases theory. 
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in ' 

'. 1 Introduction 

o 

What is now called the Grobner-Shirshov method for Lie algebras invented by A. I. 
Shirshov in 1962 [17J . Actually, that paper based on his paper [T5] when Shirshov invented 
a new linear basis for a free Lie algebra which is now called Lyndon-Shirshov basis (it 
was defined independently in the paper [9] in the same year). We remark that Lyndon- 
Shirshov basis is a particular case of a series of bases of a free Lie algebra invented by 
A. I. Shirshov in his Candidate Science Thesis (Moscow State University, 1953, and his 
adviser was A. G. Kurosh) and published in 1962 [TS] (cf. [13] where these bases are 
called Hall Bases). We now cite the Zbl review by P. M. Cohn [TU] of the paper |15j : 
"The author varies the usual construction of basis commutators in Lie rings by ordering 
words lexicographically and not by length. This is used to give a very short proof of the 
theorem (Magnus |12| . Witt [IE]) that the Lie algebra obtained from a free associative 
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algebra is free. Secondly he derives Friedrich's criterion (this Zbl 52,45) for Lie elements. 
As the third application he proves that every Lie algebra L can be embedded in a Lie 
algebra M such that in M any subalgebra of countable dimension is contained in a 2- 
generated subalgebra." We would like to add that it was also a beginning of Grobner- 
Shirshov bases theory for Lie and associative algebras. Lemma 4 of the paper, on special 
bracketing of a regular (Lyndon-Shirshov) associative word with a fix regular subword, 
leads to the algorithm of elimination of the leading word of one Lie polynomial in other 
Lie polynomial, i.e., to the reduction procedure, which is very familiar in the cases of 
associative and associative-commutative polynomials. Also the above Lemma 4 leads to 
the crucial notion of composition of two Lie polynomials that will be defined lately in 

As for paper [17] itself, it is a fully pioneer paper in the subject. He defines a notion of 
the composition (/, g) w of two Lie (associative) polynomials relative to an associative word 
w (it was called lately by S'-polynomial for commutative polynomials by B. Buchberger 
[7J and [H]). It leads to the algorithm for the construction of a Grobner-Shirshov basis 
(GSB(S)) of Lie (associative) ideal generated by some set S: to joint to S all nontrivial 
compositions and to eliminate the leading monomials of one polynomial of S in others. 
Shirshov proved the lemma, now known as the Composition, or Composition-Diamond 
Lemma, that if / G IdL ie (S), then /, the leading associative word of /, has a form 
/ = usv, where s G GSB(S), u, v G X*. Several years later, Bokut formulated this lemma 
in the modern form (see [12]). Let S be a set of Lie polynomials that is complete under 
composition (i.e., any composition of polynomials of S is trivial; on the other word, S is 
a Grobner-Shirshov basis). Then if / G Id Lie (S), then / = usv, where s G S, u, v G X*. 
Of course, by using Shirshov's Composition-Diamond Lemma, it can be easily seen that 
the set Red(S) of S— reduced Lyndon-Shirshov words constitutes a linear basis of the 
quotient algebra Lie(X)/Id(S). The converse is also true. 

Explicitly Shirshov's Composition-Diamond Lemma for associative algebra was for- 
mulated by L. A. Bokut [3] in 1976 and G. Bergman [JJ in 1978. 

In this paper, we give a comprehensive proof of Shirshov's Composition-Diamond 
Lemma for Lie algebras. There is an elementary approach to Grobner-Shirshov bases 
theory, including for Lie algebras, in [6]. We use properties of associative Lyndon-Shirshov 
words (ALSW) and non-associative Lyndon-Shirshov words (NLSW), see for example, 
[TT] . These properties are found by using induction on the length of a word applying 
Shirshov's elimination procedure of [14J (it is known also as the Lazard or Lazard-Shirshov 
elimination, cf. [13J and [TT]). 

This paper is based on the lectures given by the first author at Novosibirsk State 
University in September-October, 2006. Some notes were rewritten in a seminar at South 
China Normal University for master degree students. We thank Mr. Yu Li and Ms. 
Hongshan Shao for many valuable comments. 

2 Preliminaries 

We start with the Lyndon-Shirshov associative words. 

Let X = {xi\i G /} be a well-ordered set with Xj > x p if % > p for any i,p G /. Let X* 
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be the free monoid generated by X. For e X\ let 

xp = min{u) = min{x h , x i2 , ■ ■ ■ , x ik }, 
fir(u) = x h , 
length of u : \u\ = k. 

Definition 2.1 Let G X* . Then u is called Weak-ALSW if fir (u) > 

min{u) or \u\ = 1, where ALSW means an "associative Lyndon- Shir shov word". 

Let u be a Weak-ALSW, min(u) = Xp and \u\ > 2. We define 

X'{u) = {x\ =XiX P - ■■xp\i > 0,j > 0}. 

Note that x\ — x^ xp ■ • • xp is just a symbol. 

3 

Now, we order X'{u) by the following way: 

> x f 2 & ii > *2 or (ii = i 2 , j 2 > ji)- 
Suppose that u, v are Weak-ALSWs and min{y) > min{u) = xp. Then we define 
v' u = x™ 1 ■ ■ ■ x™* in (X'(u))* ^ v — x^xp ■ • • xp • • • Xi t xp ■ • • xp in X*, 

mi rat 

where > xp, rrij G N, 1 < j < t. For the sake of simpler notation, we use u' instead 
of u' u . 

Throughout Section 2 and 3, we assume that X\ < x 2 < x 3 < • • • . 
Example 2.2 Let u = x 2 x 1: v = x 3 x 2 . Then v' u = x 3 x 2) v' — x\. 

The following lemma is obvious. 

Lemma 2.3 Let u be a Weak-ALSW, xp = min(u), u = vw, v,w ^ 1 and w ^ xpW\. 
Then u' = v' u w' u . 

Example 2.4 Let v = x 3 x 2 xi,w = x 2 x 2 and u = vw = x 3 x 2 x\x 2 x 2 . Then u' = x 3 x\x 2 x 2 , 

V 'u = X 3 X 2i W 'u = X 2 X 2 and u ' = V 'u W 'u- 

Recall that without specific explanation, we always use the lexicographic order both on 
(X'(u))* and X* (i.e., w > wt if t ^ 1 and zx{t\ > zxjt 2 if Xi > xf). 

Lemma 2.5 Let u,v be Weak-ALSW's with \v\ > 2. Then u > v u' uv > v' uv . 
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Proof. Let xp = min(uv). Assume that u > v. Then there are two cases to consider. 
Case 1: 

U = X h Xp- - jXp - ■ X is ^ Xp- - -Xp^ X is Xp • - Xp ■ ■ ■ 
h l s -i Is 

v = x h xp--xp-- x is _ x xp ■ • • xp yz ■ ■ ■ , where x is > y. 

h h-i 



(a) If y = xp, then 



So, u' uv > v' uv . 
(b) If y > xp, then 



So, u' uv > v' uv . 



uv 

I 



tl l-S — l t>8 — 1 l S 



X^-'-X 



t-s — 1 b s 



Case 2: 



U = Xp^-Xp^ ■ ■ • X is Xp^-Xp^ 

h L 

v = x h xp ■ ■ ■ xp ■ ■ ■ x is xp ■ ■ ■ xp yz 



h 



Is 



(a) If y = xp, then 



X 



?/ = T h 



■ X, 



, where I' > l s . 



So, u' uv > v' uv . 
(b) Uy>xp, then v' uv = u' uv y n ■■■ and so, u' uv > v' uv . 

Conversely, assume that u' uv > v' uv . We will prove that u > v. There are also two cases 
to consider. 



Case 1: u' uv = x\{ ■ ■ -a£, v' uv = x\\ ■ ■ ■ x^y n ■■■ . 



UV l\ 



Case 2: u' uv 
(x is = Xi> s and l' s > l s ) 



x u'-- x i~\ x i' ls ' 

tl Is— 1 s 



, where x is > x^ or 



In both cases, it is clear that u > v. □ 
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Definition 2.6 Let u G X* . Then u is called an ALSW if 

(Vu, w G X*, v, w ^ 1) m = f w =>- ™ > TO. 

Remark: Let u, v G X* and the u^ G (X'(ti))* be as before. We denote by |u| the length 
of v in X* and |u(Jx' the length of v' u in (X'(u))*. 

Lemma 2.7 Lei u be a Weak-ALSW with \u\ > 2. Then u is an ALSW in X* if and 
only ifv! is an ALSW in (X'(u))*. 

Proof. " =>- " If \u'\x> — 1, then u' is an ALSW. Suppose that \u'\x' > 1 and u' = v' u w' u . 
Then u = vw. Since u is an ALSW, vw > wv which implies (vw)' u > (wv)' u by Lemma 
2.5. Therefore, by Lemma 2.3, v' u w' u > w' u v' u and so, v! is an ALSW. 

" <= " Let u = vw and x^ = min{u). If fir(w) = xp, then uw > to. If 
fir(w) 7^ x^, then 

«' = =>• v >« > W X =>■ > ML =>" ™u > 

Hence, u is an ALSW. 

Remark: For a Weak-ALSW w, it is clear that \u'\x' < \u\ if \u\ > 1. For an ALSW w, 
we denote by w" = («')' and = (w')^ -1 ) for k > generally. From this, it follows that 
X k {u) = X k ~\u'). 

Lemma 2.8 For u G X* , u is an ALSW if and only if (3k > 0), s.t, \u^\ X k (u) = 1- 

Proof. We apply induction on \u\. If \u\ = 1, then there is nothing to do. Assume that 
\u\ > 1. Since \u'\x' < \u\ and 

\u (k) \xHu) = \(u') {k ~ 1] \xk-i(u>), 
by induction and by Lemma 2.7, the result follows. □ 

Example 2.9 Let u = £5X4X5X3. T/ien 

u> = x°x°x 5 , u" = {xl)\x\f and v!" = ((x*) 1 ) 1 . 
Therefore, by Lemma 2.8, u is an ALSW. 

Lemma 2.10 Let u G X* . Then u is an ALSW if and only if 

(Vu, w G X*, v, w 7^ 1) m = uw =4* M > w. 

Proof. " " Induction on \u\. If \u\ = 1, then the result clearly holds. Suppose that 
M > 2, X/3 = min(u) and w = uw, u , w 7^ 1. If u> = xpWi, then u > w. If w 7^ XpWi, then 
w' = u^u^. Since «' is an ALSW, by induction, v! > w' u . Hence, by Lemma 2.5, u > w. 

" <= " Induction on If |u| = 1, then u = x« is an ALSW. If |w| > 1 and 
\u'\x' = 1, then by Lemma 2.8, -u is an ALSW. If \u'\ X / > 1 and vl = v' u w' u) then u' > w' u 
follows from u > w. By induction, vl is an ALSW. Hence, by Lemma 2.7, u is an ALSW. 
□ 
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Lemma 2.11 Suppose that u is an ALSW, xp = min(u) and \u\ > 1. Then uxp is an 
ALSW. 

Proof. Follows from Lemma 2.10. □ 

Lemma 2.12 Let u and v be ALSW's. Then uv is an ALSW if and only if u > v. 

Proof. " ==>- " Suppose that uv is an ALSW. Then, by Lemma 2.10, u > uv > v. 

" •<= " We use induction on \uv\. Suppose that u > v. If \uv\ = 2 or v = xp = 
min(uv), then the result is obvious. Otherwise, we can get that u' uv > v' uv , where u' uv ,v' uv 
are ALSW's. By induction, u' uv v' uv = (uv)' is an ALSW and so is uv. □ 

Lemma 2.13 For any u G X* , there exists a unique decomposition u = uiu 2 ■ ■ ■ Uk, where 
Ui is an ALSW, 1 < i < k, and u\ < u 2 < ■ ■ ■ < Uk- 

Proof. To prove the existence, we use induction on \u\. If \u\ = 1 then it is trivial. Let 
\u\ > 1 and xp = min(u). If u = xpv, then v has the required decomposition and so 
does u. Otherwise, u is a Weak-ALSW. Thus, u' has the decomposition and so does u, 
by Lemma 2.5 and Lemma 2.7. 

To prove the uniqueness, we let u — u± • ■ • u^ — w\ ■ • ■ w s be the decompositions such 
that Ui,Wj are ALSW's for any u\ < ■■■ < u^ and W\ < ■■■ < w s . If u — XpV, 
then ui — Wi — xp and the result follows from the induction on Otherwise, u is a 
Weak-ALSW and u' = u' lu ■ ■ ■ u' ku = w' lu ■ ■ ■ w' su are the decompositions of u' . Now, by 
induction again, the result follows. □ 

Remark: In Lemma 2.13, the word u^ is the longest ALSW end of u. 
Example 2.14 Let u = x\X\X2X\X2X\X\. Then 



is the decomposition of u. 

Lemma 2.15 Let u be an ALSW and \u\ > 2. If u = vw, where w is the longest ALSW 
proper end of u, then v is an ALSW. 

Proof. Suppose that v is not an ALSW. Then, by Lemma 2.13, we can assume that 



where each Vi is an ALSW and v\ < i>2 < • • • < v m . If v m > w, then v m w is an ALSW 
and \v m w\ > \w\, a contradiction. If v m < w, then we get another decomposition of u 
which contradicts the uniqueness in Lemma 2.13. Thus, v must be an ALSW. □ 

Example 2.16 Let u = x^x^x 5X4X3X5X3. Then 



U — X\ X\ X2X\X2X\X\ = U1U2U3 




v = viv 2 •■■v m (m> 1), 



U = X5X4 X5X4X5X3 = vw 



V 



w 



and u, v, w are all ALSW's. 
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Now, for an ALSW u, we introduce two bracketing ways. 
One is up-to-down bracketing which is defined inductively by 

[xi] = Xi, [u] = [MM], 

where u = vw and w is the longest ALSW proper end of u. 

Example 2.17 Let u = x 2 x 2 xiXix 2 xi. Then 

u -> [[xs^xixi]^!]] -> [[^[x^iXifexi]] -> [[^[[a^ibi]] [a^i]]- 
The other is down-to-up bracketing. Let us explain it on a sample word 

U = X 2 X 2 X\X\X 2 X\. 

Join the minimal letter x 1 to the previous letters: 

U h-> X 2 [x 2 Xi}xi{x2Xi}. 

Form a new alphabet of the nonassociative words x 2 , [x 2 Xi\ and x\ ordered lexicograph- 
ically, i.e., 

x 2 > [x 2 xi] > x±. 
Join the minimal letter x 1 to the previous letters: 

x 2 [x 2 xi\xi[x 2 xi] x 2 [[x 2 xi\x 1 \[x 2 xi\. 

Form a new alphabet 

x 2 > [x 2 xx\ > [[x 2 xi]xi]. 
Join the minimal letter [[x 2 Xi]xi] to the previous letter: 

x 2 [[x 2 xi]xi][a; 2 xi] h-> [x 2 [[x 2 xi]xi]][x 2 a:i]. 

Form a new alphabet 

[x 2 [[x 2 xi]a;i]] > [x 2 xi\. 
Finally, join the minimal letter [x 2 Xi] to the previous letter: 

[x 2 [[x 2 xi]xi]][x 2 xi] i-> [[x 2 [[x 2 Xi]xi]][x 2 £i]] = [u]. 

Remark: We denote by [ ] the down-to-up bracketing and by [[ ]] the up-to-down brack- 
eting. 

Lemma 2.18 [u] = [[u]] for any ALSW u. 

Proof. We use induction on \u\. If \u\ = 1, then u = Xi and [xi\ = [[xA] = Xj. Assume 
that u = vw, where w is the longest ALSW proper end of u. Then, by Lemma 2.15, v is 
an ALSW. If w — xpw-y, then 

w = xp and v = XjXp ■ ■ ■ xp. 



7 



By induction, we can get [v] = [[v]}. Hence, in this case, 



M = [[«]] = (M*„)- 

If w ^ xpWi, then -u' = t^u^. Suppose that = V\ v 2 such that v 2 w' u is an ALSW. 
Then t> 2 u> is an ALSW and |t>2w| > a contradiction. This proves that w' u is the longest 
ALSW proper end of u' . By induction, [v' u ] = [[v' u ]] and [w' u ] = [[w' u ]]. Moreover, by the 
definition of [ ] and [[ ]], we have 

[ ] : u ^ v 'u w 'u ^ KJKJ ^ ••• 
[[]]: 

Therefore, [u] = [[u]}. □ 

3 Free Lie algebras 

Now we give the definition of a non-associative Lyndon-Shirshov word. 

Definition 3.1 Let < be the order on X* as before and (u) a non-associative word. Then 
(u) is called a non-associative Lyndon-Shirshov word, denoted by NLSW, if 

(i) u is an ALSW, 

(ii) if (u) = ((v)(w)), then both (v) and (w) are NLSW's, 
(Hi) in (ii) if (v) = ((i>i)(i>2)), then v 2 < w in X*. 

Remark: In Definition 3.1 (ii), v > w by Lemma 2.12. 

Theorem 3.2 Let u be an ALSW. Then there exists a unique bracketing way such that 
(u) is a NLSW. 

Proof. (Existence). Let u be an ALSW. We will prove that up-to-down bracketing is one 
of bracketing way such that [[u]} is a NLSW. Induction on \u\. If \u\ = 1, then nothing 
to do. Suppose that |u| > 1 and u = vw where w is the longest ALSW proper end of u. 
Then, [[«]] = [[[f]][[w]]]. By induction, both [[v]} and [[w]\ are NLSWs. Now, we assume 
that 

M] = [MHM] and v 2 > w. 

Then, v 2 w is an ALSW, a contradiction. So, v 2 < w and hence, [[«]] is a NLSW. 

(Uniqueness). We assume that u is an ALSW and ( ) is a bracketing way such that (u) 
is a NLSW. Then, we have to show (u) = [[u]]. We use induction on \u\. If \u\ = 1, then 
(u) = [[u\] clearly. Suppose that 

\u\ > 1 and u — x^xp • • ■ X/3 • ■ • x ia X/3 • • ■ X/3, 

where x ij > xp = min(u). 
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Note that if v — XiXp ■ ■ -xp, %i > xp, then 

[[«]] = [[■■■[[x i xp}]---xp}}xp 

is the unique bracketing way such that [[v}\ is a NLSW. According to the definition of 
NLSW, any associative word in a bracket must be ALSW. Hence, 

(it) = {{x il xp---xp)(x i2 xp---xp)---(x is xp---xp)) 

= [[[[x h xp ■ ■ ■ xp}} [[x i2 xp ■ ■ ■ Xp}} ■ ■ ■ [[x is xp ■ ■ ■ Xp}}}}. 

By induction, (V) = [[u'}} and therefore, [[u}} = [[u'}} = (V) = (u). □ 

Let X** be the set of all non- associative words (u) in X. If (u) is a NLSW, then we 
denote it by [u\. 

From now on, let k{X) be the free associative algebra generated by X. We consider ( ) 
as Lie bracket in k(X), i.e., for any a, b G k(X), (ab) = ab — ba. Denote by Lie(X) the 
subLie-algebra of k{X) generated by X. 

Given a polynomial / G k(X), it has the leading word / G X* according to the above 
order on X* such that 

uex* 

where /, Ui G X*, f > u i: a, a i: f(u) G k. We call / the leading term of /. Denote the 
set {u\f(u) 7^ 0} by suppf and deg(f) by |/|. / is called monic if a — 1. 

Note that if \u\ = \v\ and u < v, then the lexicographic order which we use before is 
the same as the degree- lexicographic order on X*. 

Theorem 3.3 Let the order < be as before. Then, for any (u) G X**, (u) has a repre- 
sentation: 

where each on G k, [u^] is a NLSW and \ui\ = \u\. Even more, if (u) = {{v}[w}), then 
Ui > min{v, w}. 

Proof. Induction on \u\. If \u\ — 1, then (u) = [u] and the result holds. Suppose that 
\u\ > 1 and (u) = ((v)(w)). Then, by induction, 

(v) =^2ai[vi] and (w) = ^^H, 

where oti,f3j G k, [vi],[wj] are NLSWs, \vi\ = \v\ and \wj\ = \w\. Without loss of 
generality, we may assume that (u) = ([v][w]) with v > w because of ([f][tu]) = — ( [w] [v] ) . 
If \v | = 1, then 

(«) = (MH) 

is a NLSW. Suppose that \v\ > 1 and [v] = [[fi]^]]- 
There are two subcases 

(a) If v 2 < w, then (u) = ((K]h])H) is a NLSW. 
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(b) If v 2 > w, then 



(«) = ((KlhDH) = (([«i][H)h]) + (KKMM))- 



By induction, 



(MM) = 5^7»[*»]> ii>mm{ui,w} = w 
(MM) = ^^/[t'j], t'j > min{v 2 ,w} = w. 



Then, 



(«) = E^]W) + EV(NBD- 



By noting that 



mm{ti,t>2} and min{t'^v\} > min{v,w} = w, 



the result follows from the inverse induction on min{v,w}. □ 
Example 3.4 Let (u) = (((x 3 x 2 ) (X2X1)) (x 2 x±xi)). Then 

(u) = (((X 3 (X 2 X 1 ))X2)(X 2 X 1 X 1 )) + ((X 3 (X 2 (X2X 1 )))(X 2 X 1 X 1 )), 
(((x 3 (x2Xi))x 2 )(x2XiXi)) = (((x 3 (x 2 X 1 ))(x 2 X 1 X 1 ))x 2 ) + ((x 3 (x^)) (x 2 (x^X^)) 

= {{{x 3 {x 2 x 1 xi))(x 2 xi))x 2 ) + ((x 3 ((x2Xi)(x 2 a:iXi)))a;2) 



((^(^(^l^X^iXi)) = {{x^x^iX^x^x^))) + (^((^(^OX^iXi))) 

= {{x 3 {x 2 x 1 xi))(x 2 (x 2 x 1 ))) + (x 3 ((x 2 (x 2 xia;i))(x2a:i)) 



is a linear combination of NLSW's. 

Lemma 3.5 Let [u] be a NLSW. Then [u] = u. 

Proof. We use induction on \u\. If \u\ = 1, then the result holds immediately. Let 
\u\ > 1 and [u] = [[v][w]]. Then, by induction, [v] = v and [w] = w. Suppose that 



+((x 3 (x 2 x 1 ))(x 2 (x 2 x 1 x 1 ))) 



+(x 3 (x 2 ((x 2 x 1 )(x 2 x 1 x 1 )))), 



and hence, 



(«) 



(((x 3 (x 2 xixi))(x 2 xi))a;2) + ((x 3 ((x 2 Xi)(x2XiXi)))x 2 ) 
+((x 3 (x 2 xi))(x 2 (x 2 xia;i))) + ((x 3 (x 2 XiXi))(a;2(a;2Xi))) 
+(x 3 ((x 2 (x 2 x 1 x 1 ))(x 2 x 1 )) + (x 3 (x 2 ((x 2 x 1 )(x 2 x 1 x 1 )))) 



[v] = V + 



Vi<V 



CtiVi, 
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where a iy Pj G k, v,Vi,w,Wj G X*. It is easy to see that \vi\ = \v\ and \wj\ = \w\ for any 
Then, 

N = [( V + Y a i V i)( W + Y Pj W j)] 

Vi<V Wj<W 

= ( v +Yl a i v i)( w + Y ^ w j) - ( w + Y fo w i)( v + Y aiV ^ 

Vi<V Wj<W Wj<W Vi<V 

= V W + ^2 Pj vw j + Ys a ' iViW + Yj ai ^0 V i 



iWj 



Wj<W Vi<V 



— wv — fijWjV — OLiWVi — PjaiWjVj. 



Wj<W Vi<V 



Since 

vw > vwj, ViW, ViWj, wv and wv > wv iy WjV, WjV iy 
we have, [u] = u. □ 

Remark. By the proof of Lemma 3.5, if we consider [u] as a polynomial in k(X), then 
each r G supp([u\) has the same length as u, moreover, cont(r) = cont(u), where, for 
example, cont{u) = {x^, ■ ■ ■ ,Xi t } if u — x^ ■ • • Xi t G X*. 

Lemma 3.6 NLSW's are k— independent. 

Proof. Suppose 

k 

^a^in] = 0, 
i=i 



where each ctj G k, [ui] is a NLSW and u\ > U2 > ■ ■ ■ > Uk- If a± ^ 0, then = 

_ i 

Ui 7^ 0, a contradiction. Then, all ctj must be 0. □ 

By Theorem 3.3 and Lemma 3.6, we have the following corollary. 
Corollary 3.7 NLSW's are linear basis of Lie(X). 

From Corollary 3.7 and Lemma 3.5, we have 
Corollary 3.8 For any f G Lie(X), J is an ALSW. 
Theorem 3.9 Lie(X) is the free Lie algebra generated by X . 

Proof. Let L be a Lie algebra and / : X — > L a mapping. Then, we define a mapping 

/: Lie(X) — > L; [x il ---x in }\ — ► [f(x h ) ■ ■ ■ f(x in )\, 

where [x^ is NLSW. It is easy to check / is a unique Lie homomorphism such that 

fi = f- 
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Lie(X) 



□ 

The following theorem plays a key role in proving the Composition-Diamond lemma 
for Lie algebras (see Theorem 5.8). 

Theorem 3.10 (A. I. Shirshov [15]) Let u,v be ALSW's, u = avb, a, b G X* . Then 
(i) [u] = [a[vc]d], where b = cd, c,d G X* . 

(ii) Let 

[u] v = [u}\[vc]^[[[v][ Cl ]]-[c k ]], (1) 

where c = c\ ■ ■ ■ c^, Cj is an ALSW and c\ < Ci < ■ ■ ■ < c\~. Then, in k(X) , 



[u] v = u. 

Moreover, 

[u] v = a[v]b+ ' S ^2 i a i a i [v\bi, 

i 

where each a>i G k and a^bi < avb. 

Proof, (i) Induction on \u\. If \u\ = 1, then u = v = Xi and the result holds. Assume 
that \u\ > 1. If v — Xi, then [u] = [a[xi]d] and the result holds. Now, we consider the case 
of \v\ > 1. Let xp = min(u) and b = xpb, where e > and fir(b) ^ x@. Then 

u = avb = avxpb = avb, 

where v = vx% is also an ALSW, by Lemma 2.11. Then, by induction, for u' = a' u v' u b' u , 
we have [u'\ = [a' u [v' u c' u ]d' u ], b' u = c' u d' u . By substitution 
x\ i — ^ [[xjX^] • ■ -xp), we obtain 

[u] = [a[vc]d] = [a[vx e gc]d] = [a[vc]d], where c = x%c. 

(ii) If c = 1, then [u] v = [u] and the results hold clearly. Otherwise, by Lemma 2.13, 
we may assume that 

C = Xp ■ ■■XpCi+x • • - c fc , 

where each Q is an ALSW and xp < q + i < • • ■ < cj.. 
Then 

[u) v = [u]\[vx^[[[v] X0 ]---x [c l+1 }---[c k ]) and = MI[Cc]^[[p][ Cm ]]-[ Cfc ]]- 

Now, we use induction on \u\. If \u\ = 1, then this is a trivial case. Suppose that \u\ > 1 
and \v\ > 1. Then, by (i), 

u = avcd, v! = a' u v' u c' u d' u 
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and by induction, 

where each ai' u v' u bi u < u' . Now, it is easy to check that 

[[Wp] -"Xp\ = J2(-l) m ( 3 m ) xjx^- m and xJ Xi x 3 p ~ m < a*4 (m > 0). 

m>0 ^ ' 

Now, by substitution x\ \— > [[x^] • ■ -xa], we obtain 

= o[ii]cd + ajaj[{;]6i, 

where each aivbi < avcd. Also, by substitution [v] h- >• [[[vjx^] • ■ - x^], we have 
[«]„ = a[v]xpcd + yj/9j%H&j = a[v]6 + /3jOj 

where each ajvbj < avb. □ 

Remark. By the proof of Theorem 3.10, if we consider [ polynomial in k(X), 

then for any w G siipp([tt] v ), cont{w) = cont{u). 

Definition 3.11 Let S C Lie(X) with each s G S monic, a, b G X* and s G S. If 
asb is an ALSW, then we call [asb] s = [asb] s \[s]^ s a normal S-word (or normal s-word) 
while [asb]s is called a relative nonassociative Lyndon- Shir shov word, denoted by RNLSW, 
where [asb] s is defined by (3.1) (see Theorem 3.10). 

Corollary 3.12 Let u,v be ALSW's, f G Lie(X), f = v and u = avb, a, b G X* . Then, 
for the normal f-word [afb] v = [avb] v \[ v ]^f, we have 

[afb] v = afb + ^ A, 

i 

where each oti G k, a,, 6j G X*, cliffy < u - 



4 Composition-Diamond lemma for associative alge- 
bras 

In this Section, we cite some concepts and results from the literature which are related to 
the Grobner-Shirshov basis for the associative algebras. 

Definition 4.1 ( [T7j , see also [2], [3j) Let f and g be two monic polynomials in k(X) 
and < a well order on X* . Then, there are two kinds of compositions: 

(i) Ifw is a word such thatw = fb = ag for some a, b G X* with deg(f) + deg(g) >deg(w), 
then the polynomial (f,g) w = fb — ag is called the intersection composition of f and 
g with respect to w. 
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(ii) Ifw — f — agb for some a,b G A* , then the polynomial (/, g) w — f — agb is called 
the inclusion composition of f and g with respect to w. 

Definition 4.2 (0, [3], cf. [IT]) Let S C k(X) with each s E S monic. Then the 
composition (f,g) w is called trivial modulo (S,w) if (f,g) w = J2 a i a i s ibi> where each 
(Xi G k, ai, bi G X* and aiSibi < w. If this is the case, then we write 

(f,g)w=a SS mod(S,w) 

In general, forp,q G k(X), we write 

p = ass q mod(S, w) 

which means that p — q = ^2 cti^iSibi, where ai G k, ai, bi G X* and aiSibi < w. 

Definition 4.3 ([2], [3J, cf. (T7J) We call the set S with respect to the well order < a 
Grobner-Shirshov set (basis) in k(X) if any composition of polynomials in S is trivial 
modulo S. 

If a subset S of k(X) is not a Grobner-Shirshov basis, then we can add to S all nontrivial 
compositions of polynomials of S, and by continuing this process (maybe infinitely) many 
times, we eventually obtain a Grobner-Shirshov basis S comp . Such a process is called the 
Shirshov algorithm. 

A well order > on X* is monomial if it is compatible with the multiplication of words, 
that is, for m,d6 X* , we have 

u > v =>- W1UW2 > W\VW2, for all Wi, u>2 G X*. 

A standard example of monomial order on X* is the deg-lex order to compare two words 
first by degree and then lexicographically, where A is a linearly ordered set. 

The following lemma was proved by Shirshov [T7] for free Lie algebras (with deg-lex 
ordering) in 1962 (see also Bokut [2]). In 1976, Bokut [3J specialized the approach of 
Shirshov to associative algebras (see also Bergman [1]). For commutative polynomials, 
this lemma is known as the Buchberger's Theorem in [7] and [H]. 

Lemma 4.4 (Composition-Diamond Lemma) Letk be afield, A = k(X\S) = k(X) / Id(S) 
and < a monomial order on X* , where Id(S) is the ideal of k(X) generated by S. Then 
the following statements are equivalent: 

(i) S is a Grobner-Shirshov basis. 

(ii) f G Id(S) / = asb for some s G S and a,b G A*. 

(ii') f G Id(S) / = aiaiSibi + a2«2S2&2 + where ai G k and f = aisi&i > 
a 2 s 2 b 2 > • • • . 

(Hi) Red(S) ={«6 X*\u ^ asb,s G S,a,b G A*} is a basis of the algebra A = k(X\S). 
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5 Composition-Diamond lemma for Lie algebras 

In this section, we give the Composition-Diamond lemma for Lie algebras. 

Throughout this section, we extend the lexicographic order on X* mentioned in Section 
2 to the deg-lex order < on X*. 

Lemma 5.1 Let ac,cb be ALSW's, where a,b,c G X* and c ^ 1. Then w = acb is also 
an ALSW. 

Proof. We use induction on \w\ — n. If n = 3, then w = XiXjXk is an ALSW, because 
ac and cb are ALSW's implies that Xi > Xj > Xk- In the inductive case n > 3, suppose 
min(w) = x/3, b = x e ^b, e > 0, fir(b) ^ xp and c = cx e p. Then 

w = acb and w' = a' w c' w b' w . 
It is clear that a' w c' w , c' w b' w are ALSW's. By induction, w' is an ALSW and so is w. □ 

Definition 5.2 Let f and g be two monic Lie polynomials in Lie(X) C k(X). Then, 
there are two kinds of Lie compositions: 

(i) Ifw — f — agb for some a,b G X* , then the polynomial (/, g) w — f — [ctgb]g is called 
the composition of inclusion of f and g with respect to w. 

(ii) Ifw is a word such that w = fb = ag for some a, b G X* with deg(f) + deg(g) >deg(w), 
then the polynomial (f,g) w = [/&]/— [ag]g is called the composition of intersection 
of f and g with respect to w. 

By Lemma 5.1, in the Definition 5.2 (i) and (ii), w is an ALSW. 

Definition 5.3 Let S C Lie(X) be a nonempty subset, h a Lie polynomial and w G 
X* . We shall say that h is trivial modulo (S,w), denoted by h =Lie mod(S,w), if 
h = Yl a i[ a i s ibi]si, where each ai G k, ai,bi G X* , G S, [ajSj&j]^ is a RNLSW and 

i 

aiSibi < w. 

Definition 5.4 Let S C Lie(X) be a nonempty set of monic Lie polynomials. Then S is 
called a Grobner-Shirshov set (basis) in Lie(X) if any composition (f,g) w with f,g<ES 
is trivial modulo (S,w), i.e., (f,g) w =u e mod(S,w). 

Lemma 5.5 Let f,g be monic Lie polynomials. Then 

(f, g)w - (/, g)w =ass mod({f, g}, w). 

Proof If (f,g) w and (f,g) w are compositions of intersection, where w — fb — ag, then, 
by Corollary 3.12, we may assume that 

(/, g)w = [fb]f ~ [ag] s = fb + ^2 a i a if b i ~ a 9~^2 Pi a i9 h v 

h h 

where aifbi, ajgbj < fb = ag = w . It follows that 

(/, g)w ~ (/, g)w =ass mod({f, g}, w). 

Similarly, for the case of the compositions of inclusion, we have the same conclusion. □ 
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Theorem 5.6 ([3], [3]) Let S C Lie(X) C k(X) be a nonempty set of monic Lie poly- 
nomials. Then S is a Grobner-Shirshov basis in Lie(X) if and only if S is a Grobner- 
Shirshov basis in k{X). 

Proof. Note that, by the definitions, for any f,g G S, they have composition in Lie(X) if 
and only if so do in k(X). 

Suppose that S is a Grobner-Shirshov basis in Lie(X). Then, for any composition 
(f,g) w , we have 

(f,g)w = y^a:»[tMAk, 
h 

where [ajSj6j] s - are RNLSW's and c^sA < w. By Corollary 3.12, 

{fid)w ^ ^ fij Cj &j dj , 
h 

where each CjSjdj < w. Thus, by Lemma 5.5, we get 

(f,g)w = ass mod(S,w). 

Hence, S is a Grobner-Shirshov basis in k(X). 

Conversely, assume that S is a Grobner-Shirshov basis in k(X). Then, for any compo- 
sition (f,g) w in S, by Lemma 5.5, we obtain 

(f,g)w =ass (f,g)w =ass mod(S,w). 

Therefore, we can assume, by Lemma 4.4, that 

(f,g)w = y~]anaiSibi, 
h 

where c^sA < w and w > a\Sxb\ > a^bi > . . .. By noting that (f,g) w G Lie(X), (f,g) w = 
aisibx is an ALSW which shows that [aiSi&i]^ is a RNLSW. Let hi = (/, g) w —ai[aiSibi\ s - 1 . 
Clearly, hi < (f,g) w - Then, by Corollary 3.12, we have 

h = aS s mod(S,w). 

Now, by induction on (f,g) w , we have 

h 

where each [cjSjcy s - is a RNLSW and CjSjrfj < w. This proves that S is a Grobner-Shirshov 
basis in Lie(X). □ 

Lemma 5.7 Let S C Lie(X) with each s G S monic. Let 

Red(S) = {[u] | [u] is a NLSW, u ^ asb, s G S, a,b G X*}. 
Then, for any h G Lie(X), h has a representation: 

h= <*i[ui]+ Yl PA a i s 3 b i\sr 

[ui]sRed(S), Ui<h SjGS, ajS~jbj<h 
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Proof. We can assume that h = YL a i[ u i]j wnere eac h [ u i] is a NLSW, 7^ ctj G k and 

i 

u\ > U2 > • • ■ ■ If [ui] G Red(S), then let h\ — h — If [«i] G" Red(S), then there 

exists s G 5 and a±,bi G X* such that u\ = aisi&i. Now, let 

h\ = h — ai[a,iSibi]si G Lie(X). 

Hence, in both cases, we have /ii < L Now, the result follows from induction on h. □ 

Theorem 5.8 Let S C Lie(X) C fc(X) fre nonempty set of monic Lie polynomials. Let 
Idue{S) be the Lie-ideal of Lie(X) generated by S. Then the following statements are 
equivalent. 

(i) S is a Grobner-Shirshov basis in Lie(X). 

(ii) f G Id Lie (S) =>- / = asb, for some s G S and a, b G X*. 

(ii') f G Id Lie (S) =>• / = oti[aiS\b]\si + « 2 [a2S2&2]s- 2 + where G fc and / = 
ai«i6i > 02^2 > ■ ■ ■ . 

(iii) Red(S) = {[u] \ [u] is a NLSW, u 7^ asb, s G S, a, b G X*} is a k-basis for 
Lie(X\S). 

Proof, (i) =>- (ii). By noting that Idue(S) C Id ass (S), where Id ass (S) is the ideal of 
k{X) generated by S, and by using Theorem 5.6 and Lemma 4.4, the result follows. 

(ii) =>- (iii). Suppose that oti[ui\ = in Lie(X\S) with wi > w 2 > • • • , that 

[ui]eRed(S) 

is, Yl a i[ u i] £ Idu e (S). Then each 0;^ must be 0. Otherwise, say a.\ 7^ 0. Then, by 

[ui]<=Red(S) 

(ii), we know that ^a^i] = m which implies that [ui] G" Red(S), a contradiction. 

i 

On the other hand, for any / G Lie(X), by Lemma 5.7, we have 

/ + Id Lie (S) = J>i(H + Id Lie (S)). 

i 

(iii) =>- (i). For any composition (f,g) w with f,g <E S, we have (f,g) w G Idue(S)- 
Then, by (iii) and by Lemma 5.7, 

where each j3j G fc, [ojSj6j] s - is normal S'-word and afWjbj < w. This proves that S is a 
Grobner-Shirshov basis in Lie(X). 

(ii) •<=>- (ii'). This part is clear. □ 
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